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We study quantum vortex states of strongly interacting bosons in a two-dimensional rotating
optical lattice. The system is modeled by Bose-Hubbard Hamiltonian with rotation. We consider
lattices of different geometries, such as, square, rectangular and triangular. Using numerical exact
diagonalization method we show how the rotation introduces vortex states of different ground-state
symmetries and the transition between these states at discrete rotation frequencies. We show how
the geometry of the lattice plays crucial role in determining the maximum number of vortex states as
well as the general characteristics of these states such as, the average angular momentum < Lz >,
the current at the perimeter of the lattice, phase winding, the relation between the maximum
phase difference, the maximum current and also the saturation of the current between the two
neighboring lattice points. The effect of the two- and three-body interactions between the particles,
both attractive and repulsive, also depends on the geometry of the lattice as the current flow or the
lattice current depends on the interactions. We also consider the effect of the spatial inhomogeneity
introduced by the presence of an additional confining harmonic trap potential. It is shown that the
curvature of the trap potential and the position of the minimum of the trap potential with respect
to the axis of rotation or the center of the lattice have significant effect on the general characteristics
these vortex states.
I. INTRODUCTION
The study of strongly interacting bosons in a lattice
using a Hubbard Hamiltonian was introduced by Fisher
et al [1] where they studied the competing effects of re-
pulsive two-body interaction and the pinning by lattice
potential and predicted the existence of superfluid-Mott
insulator (SF-MI) quantum phase transition. Such a
transition was experimentally realized in a gas of ultra-
cold atoms in optical lattice by Greiner et al [2]. It is
well known that the interactions between the bosons can
be made attractive or repulsive by varying the scatter-
ing length through Feshbach resonance mechanism. In
contrast to the usual Bose Hubbard model with repul-
sive interaction between bosons, theoretical [3–8] as well
as experimental [9] studies on attractive Bose Hubbard
models have gained importance recently. Recent stud-
ies of Bose Hubbard model with three-body interaction
between bosons have shown several interesting results
[10–12]. An important feature of the ultracold atoms
in optical lattice is the ability to control the geometry
of the underlying optical lattice potential and even the
possibility of implementation of a more complex unit cell.
Optical lattice is created by interference of several laser
beams and the atoms in optical lattice feel a potential
proportional to the intensity of light filed. The height of
the lattice potential can be tuned by changing the laser
intensity. Study of the Bose-Hubbard model on differ-
ent lattice geometry, in particular the triangular lattice
and the Kagome lattice is of recent interest [13, 14]. The
studies of strongly interaction bosons on optical lattice
superimposed with additional harmonic trap potential
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have also shown very interesting properties. The har-
monic trap potential introduces space inhomogeneity in
the system. Study of SF-MI quantum phase transition
of bosons in optical lattice with superimposed harmonic
trap has been reported in [15]. Studies on the effect of the
trap potential on the SF-MI transition in Bose-Hubbard
model have shown very different behavior where the Mott
transition does not occur via a traditional quantum phase
transition [16]. For double-well trap potential the SF-
Mott transition shows many characteristic features like,
plateaus in local integrated density etc. [17]. Investi-
gation of the ground state properties of the attractive
Bose-gas confined on two-dimensional square optical lat-
tice and superimposed wine-bottle-bottom or Mexican
hat trap potential have shown the coexistence of Mott
and superfluid domains [6]. Similarly, the rotation can
be introduced in Bose gases in optical lattice by rotat-
ing the optical lattice. Realization of rotating Bose gases
in optical lattice have opened wide the opportunity to
explore many properties of atomic clouds, especially col-
lective excitations such as vortices, solitons, mode cou-
pling, nonlinear interferometry [18], fractional quantum
Hall effect [19], etc. It has been shown that for deep op-
tical lattice, the vortex lattice of rotating Bose-Einstein
condensate (BEC) gets pinned to the optical lattice and
assumes the geometry and symmetry of the optical lattice
[20]. The study of Bose-Einstein condensates (BECs) in
a random potential has also received much attention as
in this system, it is possible to display in a controlled way
the interplay between interaction and disorder. Very re-
cently we have shown that disorder can be used to induce
vortex lattice melting in rotating BEC [21] and that this
melting is a two-step process via loss of positional and
orientational order [22]. These studies are directly re-
lated to the melting of the Abrikosov vortex lattice in
type-II superconductors, where the melting process has
been studied extensively to explore its role on the criti-
2cal current of the superconductor [23–26]. The two-step
vortex lattice melting have also been recently experimen-
tally observed in type-II superconductors [27, 28].
Even though the superfluidity and vortex properties have
been explored analytically in details in continuum rotat-
ing BECs through Gross-Pitaevskii equation [18], there
have been very few reports of studies of vortex forma-
tion by strongly interacting bosons in a rotating optical
lattice using Bose-Hubbard type Hamiltonian. Wu et al
[29] considered the single vortex structure of the strongly
interacting bosons in rotating optical lattice and studied
the nature of the vortex core near the superfluid-Mott
insulator (SF-MI) transition within the mean field the-
ory of Bose-Hubbard model. Bhat et al [30, 31] stud-
ied the vortex states of strongly interacting bosons in
rotating square optical lattice using a modified Bose-
Hubbard model with a complex site-dependent hoping
term. They showed that in contrast to the superfluid
where the vortex refers to quantized circulation, in lat-
tice system, the circulation is the current flow due to
inter-site hopping establishes phase relationship across
the system much like the phase of the superfluid order
parameter. Due to the discrete rotational symmetry of
the lattice the average angular momentum < Lz > is
not quantized[19, 30, 31]. On the other hand, the quasi-
angular momentum of the ground state, which is the gen-
erator of the discrete rotation, change by integer value
for symmetry-incommensurate filling with increasing ro-
tational frequency. It is associated with changes in the
phase winding Θcf which jumps by 2π each time the
quasi angular momentum of the ground state changes
[19, 30, 32]. The change in the phase winding of the
ground state denote quantum phase transitions and is as-
sociated with vortex entering the system. For symmetry-
incommensurate filling, the signature of the vortex entry
is the crossing of energy levels of the ground and the first
excited state. Near the SF-MI transition, several abrupt
structural phase transitions has been observed due to the
pinning of the vortices by optical lattice [33]. Vignolo et
al [34] studied the dynamic response of the system as the
vortex moves in the periodic potential of the optical lat-
tice which allows to measure the vortex properties, like,
the mass, pinning potential etc.
In this paper we examine the effects of the nature of
the confining potentials, the rotating optical lattice po-
tential and the trap potential, on the vortex states of
the strongly interacting bosons at zero temperature. In
particular we consider the effect of the change in lat-
tice geometry provided by the optical lattice pinning po-
tential and the spatial inhomogeneity introduced by the
harmonic trap potential, on the vortex states of interact-
ing bosons. We consider optical lattices of three differ-
ent geometries, the square, rectangular and triangular.
Further, we also consider the effects of the nature and
the range of the onsite interaction potential between the
bosons on the vortex states of the system. Accordingly,
we consider bosons interacting via the onsite attractive
as well as repulsive two- and three-body interactions and
also the off site nearest neighbor (NN) two-body interac-
tions. We show that the competition between the various
parameters gives many interesting new quantum vortex
states in the system. We show how the geometry of the
lattice plays a crucial role in determining the average an-
gular momentum < Lz >, the current at the perimeter of
the lattice, phase winding, the relation between the maxi-
mum phase difference and the maximum current and also
the saturation of the current between the two neighbor-
ing lattice points. The effect of the two- and three-body
interactions between the particles also depends on the
geometry of the lattice as the current flow or the lat-
tice current depends on the interactions. We also show
the spatial inhomogeneity introduced by the harmonic
trap potential give rise to the spatial asymmetry in site
dependent number density, current as well as the phase
difference between neighboring sites and its effect on the
vortex states of the system.
II. 2D BOSE-HUBBARD MODEL WITH
ROTATION AND HARMONIC TRAP
We consider neutral bosons confined in a 2D deep op-
tical lattice potential and an additional harmonic trap
potential which rotates about the z-axis. The bosons
interacts via effective two- and three-body onsite inter-
action potentials as well nearest neighbor (NN) two-body
interaction potential. The Hamiltonian of the system as
obtained via the tight binding and the lowest band ap-
proximation can be written as
Hˆ = −t
∑
<i,j>
(aˆiaˆ
†
j + aˆ
†
i aˆj)− i~Ω
∑
<i,j>
Kij(aˆiaˆ
†
j − aˆ
†
i aˆj)
+
∑
i
[
U
2
[nˆi(nˆi − 1)] +
W
6
[nˆi(nˆi − 1)(nˆi − 2)]
]
+
∑
i
ǫinˆi + Unn
∑
<i,j>
nˆinˆj (1)
where aˆ†i (aˆi) creates (annihilates) a particle at site i,
nˆi = aˆ
†
i aˆi gives number of particles at site i, t is the hop-
ping amplitude, Ω, U , W and Unn denote the strengths
of rotation, the onsite two- and three-body interactions
and the nearest-neighbor (NN) two-body interactions re-
spectively. The co-rotating harmonic trap potential ǫi is
given by [4].
ǫi = λ
[
i−
1
2
(c−∆)
]2
(2)
Here, λ is the measure of the curvature of the trap, c ≡
(x0, y0) is the center of lattice and ∆ ≡ (∆x,∆y) is the
displacement of the minimum position of the trap from
the the center of lattice. ǫi represent an energy offset
of each lattice site [15]. The rotation induces hopping
between neighboring sites and is governed by the site-
dependent hopping parameter ΩKij given by [30]
Kij = β(rirj/d
2) sinαij (3)
3where ri(rj) is the distance from the axis of rotation to
the ith(jth) site, αij is the angle between by i
th and jth
sites with respect to center of axis of rotation, β is a di-
mensionless constant characterizing the lattice geometry
and depth, d is the lattice constant. Kij also depends on
the lattice geometry. The site-dependent hopping param-
eter ΩKij and the site-dependent amplitude of the trap
potential ǫi makes the model represented by the Hamilto-
nian in Eq. (1), an inhomogeneous Bose-Hubbard model.
This is in contrast to the usual (homogeneous) Bose-
Hubbard model where the hopping parameter and the
two-body interaction parameter are site-independent. It
may be mentioned here that by adding the two hopping
terms the Hamiltonian (Eq. (1)) can be rewritten in
terms of a complex site-dependent hopping parameter
tij = t+ i~ΩKij [31].
III. NUMERICAL METHOD AND GENERAL
CHARACTERISTICS OF VORTEX STATES
We consider 2D lattice with different lattice geometries
and filling factor less than one with open boundary con-
ditions. We use numerical exact diagonalization method
to calculate the eigenvalue and eigenvectors of the ground
state of the system. We also calculate the first excited
state energy of the system to show the crossing of energy
levels between the ground state and the first excited state
for each vortex entry for symmetry-incommensurate fill-
ing. Using the eigenvectors of the ground state we calcu-
late various quantities, such as, site number density and
normalized variance for ground state, inter-site current,
average angular momentum for ground state, condensate
fraction of ground-state and phase winding on perime-
ter of the lattice for ground state, which are then used
to characterize the vortex states of the system. The site
number density is the expectation value of number op-
erator nˆi =< aˆi
†aˆi >, the variation of which over sites
shows the presence of a vortex in the rotating lattice sys-
tem. The presence of a vortex in the lattice shows a
depletion of the site number density from the periphery
towards the central region of the lattice where the vortex
is located. The normalized variance gives information
about the system phase, such as, superfluid or Mott in-
sulator and is defined as
ν ≡
∑
i(< nˆi
2 > − < nˆi >
2)∑
i < nˆi >
(4)
ν = 1 represent coherent state, ν > 1 the phase-squeezed
state, ν < 1 the number-squeeze state, and ν = 0 single
Fock state. The expectation value of Jij represents the
current between sites i and j and the total current in the
lattice boundary is an important observable to verify the
particle hole symmetry in the system. In the rotating
frame it is defined as [30]
< Jij > = −
1
i~
〈
[nˆi, Hˆij ]
〉
=
it
~
< aˆiaˆj
† − aˆi
†aˆj >
− ΩKij < aˆiaˆj
† + aˆi
†aˆj > (5)
Hˆij in [Eq.(5)] is the Hamiltonian associated with sites i
and j. The total current is conserved at each site i since
the sum of < Jij > over all nearest neighbor j is zero.
The total current on the lattice boundary C is
ΛC = (~d/ER)
∑
<i,j>∈C
< Jˆij > (6)
where all sum over C are taken with same sign convention
as the helicity of Ω (i.e. anticlockwise), ER = ~
2/Md2
is the recoil energy in terms of which the energies of the
system are scaled and d is the lattice constant. Another
important observable is the average angular momentum,
defined as
< Lz >= −
dE0
dΩ
. (7)
where E0 is the ground state energy of the system. The
variation of < Lz > with rotational strength Ω shows
discrete jumps at particular values of Ω where the vortex
enters the system accompanied by the crossing of energy
levels between E0 and E1 as the ground state symmetry
changes abruptly. < Lz > also gives information about
rotational symmetry of system. Similarly, the condensate
fraction and phase winding are associated with superfluid
nature of system, as the condition for the existence of a
Bose-Einstein condensate is the macroscopic occupation
of the single particle density mode with the largest eigen-
value [35]. For lattice system the one body density matrix
is given by
ρji =< Ψ0|aˆi
†aˆj |Ψ0 > (8)
where Ψ0 is the ground state of the system [Eq.(1)].
The ratio of the largest eigenvalue of the density matrix
[Eq.(8)] and total number of particles represents conden-
sate fraction and the associated eigenvector represents
the condensate wave function. From the condensate wave
function we calculate the phase of the condensate and the
phase winding around the perimeter C of the condensate
wave function Θcf , which when divided by 2π gives the
vorticity of the rotating system.
IV. RESULTS
A. RELATION OF THE PARAMETER β WITH
COORDINATION NUMBER FOR DIFFERENT
LATTICE GEOMETRIES
The parameter β in Eq. (3) can be numerically es-
timated from the overlap integrals for finite numbers of
sites [31]. However, we observed that the parameter β has
an interesting relationship with the coordination number
Z of the lattice. This allows us to calculate the optimal
value of the parameter β for lattice of different symme-
tries in terms of its coordination number Z. For a square
lattice of size L×L, the four-fold rotational symmetry al-
lows maximum L−1 quantized vortices within the lowest
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FIG. 1: 6× 6 lattice with N = 1 and for different values
of β in units of t/ER. (a) phase winding Θcf/2π, (b)
average angular momentum < Lz >, and (c) sum of
boundary current ΛC .
band. The vortices enters the system one after another as
the lattice is rotated with increasing frequency Ω and the
phase winding of the condensate wave-function increases
in steps of 2π to a maximum of 2π × (L − 1). The max-
imum phase difference between neighboring sites is π/2.
We calculate the phase winding by varying the rotational
frequency for different values of the parameter β and find
the optimum value of β for which all the allowed num-
ber of vortices enters the system and the phase winding
remain constant. We find that this happens when β ≥ Z
and any further increase in the value of β do not produce
any change in phase winding. This is shown in Fig. 1
for two-dimensional square lattices (Z = 4) of sizes 6×6,
where it can be seen that for β ≥ Z we get maximum
value of phase winding (L − 1)2π, maximum number of
vortices L − 1 and accordingly L − 1 jumps in < Lz >.
For β < 4, we do not get the right number (L − 1) of
vortices and the right value of the phase winding. This
makes the connection of the coordination number Z with
parameter β. For a square lattice we therefore take the
optimum value of β = 4.9 t/ERd, t/ER = 1. This is very
close to the numerical estimation of β from the overlap
integrals as β = 4.93 t/ERd, t/ER = 1 [31].
We follow the same logic to find β value for the triangular
lattice for which the coordination number is Z = 6. In
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FIG. 2: 4 × 4 lattice for different values of N without
interactions U/ER = 0, (a) average angular momentum
< Lz >, (b) phase winding Θcf/2π, and (c) sum of
boundary current ΛC .
contrast to the square lattice, the triangular lattice has
three-fold rotational symmetry. As shown in Fig. 6, we
observe similar dependence of β ≥ Z for the triangular
lattice and accordingly we choose the optimum value of
the parameters β = 6.6 t/ERd, t/ER = 1 for the trian-
gular lattice.
B. VORTEX NUMBER, PHASE WINDING,
BOUNDARY VALUE CURRENT AND PHASE
DIFFERENCE FOR LATTICES OF DIFFERENT
GEOMETRIES
As mentioned above, the vortex number, phase wind-
ing, boundary value current and phase difference between
neighboring sites increases with the increase of the rota-
tional frequency Ω. For a square lattice of NS = L × L
lattice sites, maximum number of quantized vortices is
(L − 1). The vortices enters the system one after an-
other as the rotational frequency is increased which also
increases the average value of the angular momentum
< Lz > of the system. This is shown in Fig. 2(a) for
a 4 × 4 square lattice for different particle number N .
The abrupt change of the angular momentum for par-
ticular value of the rotational frequency shows the entry
of a vortex in the system. The maximum phase differ-
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FIG. 3: Rectangular lattice with LX = 8 and dif-
ferent values of LY for N = 1, 2 without interaction
U/ER = 0. (a) phase winding Θcf/2π, (b) average an-
gular momentum < Lz > for N = 1, (c) sum of bound-
ary current ΛC for N = 1 and (d) sum of boundary
current ΛC for N = 2
ence between the nearest neighbor (NN) sites is π/2, and
maximum phase winding is 2π × (L − 1) in the lowest
Bloch band. This is shown in Fig. 2(b). The boundary
value current between the nearest-neighbor sites along
the perimeter increases with increase in the strength of
rotational frequency and it reaches the maximum value
when the phase difference between the nearest-neighbor
sites along the perimeter become π/2. For square lattice
the maximum value of the boundary current (ΛC) for one
particle (N = 1) is ΛC = 2. For N noninteracting par-
ticles (N > 1) the maximum boundary current is given
by Λ
(N)
c = NΛ
(1)
c . This saturation of the boundary value
current is shown in Fig. 2(c).
(a)
(b)
(c)
(d)
FIG. 4: Current pattern for 8 × 2 rectangular lattice
and N = 1. Here length of arrow represent the current
magnitude and arrow head represent the direction. For
(a) Ω = 0.1, (b) Ω = 0.144, (c) Ω = 0.402 and (d)
Ω = 0.860.
For a rectangular lattice of Ns = LX × LY lattice sites,
where LX and LY denote the number of lattice sites along
x- and y-axis respectively, we define a asymmetry param-
eter ǫ = LY
LX
, such that, for ǫ = 1 we get the square lattice
(LX = LY = L). We observe that for rectangular lattice,
the maximum number of quantized vortices is nearest in-
teger to
√
(LX − 1)× (LY − 1). For example, for the
case of LX = 8 and LY = 2 case,
√
(7)× (1) = 2.64
and the maximum value of number of vortices is 3. Un-
like the square lattice, the maximum phase difference be-
tween the neighboring sites is not pi2 , but depends on the
number of sites on the rectangular lattice. But the rela-
tion between the maximum value of the phase winding to
the number of vortices, i.e. maximum value of the phase
winding is 2π times the maximum value of number of vor-
tices, as obtained for the square lattice, is also valid for
the rectangular lattice. This is shown in Fig. 3(a). Also,
unlike the square lattice, the < Lz > do not show sharp
discontinuous jumps for the rectangular lattice. But as
ǫ value increases the discrete jumps become sharper as
shown in Fig. 3(b). The inset of Fig. 3(b) shows < Lz >
for ǫ = 0.25. Unlike the square lattice, for the rectangu-
lar lattice there is no saturation of the boundary current
ΛC for the third vortex for small value of the parameter
ǫ. This is shown in the inset of Fig. 3(c) for ǫ = 0.25.
The reason for the non-saturation of the boundary cur-
rent with increasing angular frequency is due to the fact
that the intersite currents in each of the two antivortices
6at the edges of the lattice (Fig. 4(d)) also changes with
change of angular frequency. In contrast, for the square
lattice where the intersite current in each of the four anti-
vortices within the perimeter or core of the third vortex
almost remain constant with increasing rotational fre-
quency [30]. As the value of the parameter ǫ increases
we get the saturation of the boundary current similar to
that obtained for the square lattice. This is shown in
Fig. 3(c) for number of particle N = 1. For N number
of non-interacting particles (U = 0), the maximum value
of Λ
(N)
C = NΛ
(1)
C , for all values of the parameter ǫ, which
is similar to that obtained for the square lattice. This is
shown in Fig. 3(d) for N = 2 case. The presence of inter-
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FIG. 5: Site dependent density distribution for 8 × 2
lattice and N = 1. For (a) Ω = 0.1, (b) Ω = 0.144, (c)
Ω = 0.402 and (d) Ω = 0.860
action (U 6= 0) between the particles, however, changes
this relations irrespective of the geometry of the lattice,
as discussed in Section V below. The current configura-
tions or the circulation pattern for different vortices in a
rectangular lattice is shown in Fig. 4. In Fig. 4(a) there
is no vortex as the rotation (Ω = 0.1) is not sufficient
to create a vortex in the system. The current seems to
flow backwards in the rotating frame (clockwise). As the
rotation increases, a single vortex enters the system for
Ω = 0.144 as shown in Fig. 4(b). The single vortex is
located at the center of the lattice with central four sites
defining the boundary of the vortex core. The current
pattern in these four sites of the vortex is anti-clockwise
with phase winding Θcf/2π = 1. For further increase in
rotation a second vortex enters the system (Ω = 0.402)
which is located at the central eight sites with the anti-
clockwise current pattern and phase winding Θcf/2π = 2
as shown in Fig. 4(c). There are two anti-vortices with
clockwise circulation at the two ends of the lattice. Fig.
4(d) shows the current pattern for the third vortex for
Ω = 0.860 which is located at the central eight sites with
similar current pattern as that of the second vortex but
with Θcf/2π = 3. The corresponding site dependent
number density distribution nˆi =< aˆi
†aˆi > associated
with each current pattern is shown in Fig. 5. In the fig-
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FIG. 6: Triangular lattice with Ns = 36 and N = 1, (a)
phase winding Θcf/2π, (b) average angular momentum
< Lz >, and (c) sum of boundary current ΛC .
ures each circle represent the site and color of each circle
represent the magnitude of number density at that site.
Fig. 5(a) shows a no vortex state as the rotation in not
enough to introduce the vortex in the system. There is
no depletion of the site number density from the periph-
ery towards the central region of the lattice. Fig. 5(b)
shows the presence of a vortex located at the center of
7(a) (b)
(c) (d)
(e)
FIG. 7: Current pattern for triangular lattice Ns =
36, N = 1. For (a) Ω = 0.06, (b) Ω = 0.062, (c) Ω =
0.098, (d) Ω = 0.168 and (e) Ω = 0.532
the lattice with central four sites (black dots) defining
the boundary of the vortex core. There is a continuous
depletion of the site number density from the periphery
towards the central region of the lattice. As expected,
the site number density is minimum for the sites (black
dots) on the boundary of the vortex core. Similarly, Fig.
5(c) shows the density pattern for the the second vortex
having vortex core over central eight sites (black dots).
Fig. 5(d) shows similar site density distribution for the
third vortex.
For a triangular lattice of Ns =
L(L+1)
2 lattice sites,
where L denote the number of lattice sites in each side of
the triangle, the maximum number of quantized vortices
is nearest integer to (L−1)2 . For example, for a triangular
lattice of L = 8 sites per side, the number of vortices
is 4. This is shown in Fig. 6 which shows four discrete
jumps in phase winding (Fig. 6(a)), the average angu-
lar momentum (Fig. 6(b)) and the border current ΛC
(Fig. 6(c)) as the vortices enters the system with in-
creasing rotational frequency. The maximum phase dif-
ference between the neighboring sites however depends
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FIG. 8: Density distribution for triangular lattice Ns =
36, N = 1. For (a) Ω = 0.06, (b) Ω = 0.062, (c) Ω =
0.098, (d) Ω = 0.168 and (e) Ω = 0.532
on the number of sites. For example, for the unit cell
of the triangular lattice (L = 2), the value of the phase
difference between the neighboring sites is 2pi3 which is
expected due to the three fold rotational symmetry of
the triangular lattice, but for larger lattice it is integer
multiple of pi3 , lowest value being
pi
3 . This is because of
the more complex current current configurations for the
larger lattice which is shown in Fig. 7 for lattice with
Ns = 36. However, the maximum phase winding is 2π
times the maximum value of number of vortices, simi-
lar to that of square and rectangular lattice as shown in
Fig. 6(a). Like the rectangular lattice, for the triangular
lattice also the boundary current ΛC for the fourth vor-
tex do not saturate with increasing rotational frequency.
As in the rectangular case, for the triangular case also,
the non-saturation behaviour in ΛC for the fourth vor-
tex is due to the change in the intersite currents with
increasing frequency in each of the three antivortices at
the three edges of the triangle (Fig. 7(e)). The corre-
sponding number density distribution associated to each
current pattern in Fig. 7 is shown in Fig. 8. In Fig.
88(a) there is no vortex as can be seen from the density
maximum at the three central sites. Fig. 8(b) and Fig.
8(c) shows the first and second vortices with three cen-
tral sites (blue dots) and black dots respectively as the
vortex cores. The total phase winding between the three
central sites is 2π and 4π respectively. Similarly, Fig.
8(d) and and Fig. 8(e) shows the third and the fourth
vortices with central six sites (black dots) as the vortex
cores with total phase winding between the central six
sites being 6π and 8π respectively.
V. EFFECT OF INTERACTIONS
A. PARTICLE HOLE SYMMETRY
U / ER = 0.5
U / ER = 3
U / ER = 10
U / ER = 1000
-0.9
-0.8
-0.7
-0.6
-0.5
-0.4
-0.3
-0.2
-0.1
1 2 3 4 5
N
-4
-3.5
-3
-2.5
-2
-1.5
-1
-0.5
0
1 2 3 4 5 6 7
N
2
2.5
3
3.5
4
4.5
5
5.5
6
1 2 3
Λ
C
N
FIG. 9: Total boundary current ΛC for (a) square lat-
tice, 2×2,Ω = 0.8, (b) rectangular lattice, 4×2,Ω = 0.4,
and (c) triangular lattice Ns = 6,Ω = 0.5. The connect-
ing lines here are for guide to the eyes.
Here we plot ΛC for different values of the number of
particles N for half filled case. For a square lattice of
number of sites Ns = 2 × 2, we have maximum number
of particles of N = 4 for half filled case. We find that
for strong two-body interaction (U >> J) and given Ω,
ΛC for N = 1 and N = 3 matches exactly, showing
the particle hole symmetry. Particle hole symmetry is
also satisfied for rectangular and triangular lattice. For
a rectangular lattice Ns = 4 × 2, we can have maximum
N = 8 for half filled case. We observed that for U >> J
and given Ω, ΛC for N = 1 and N = 7 matches exactly,
showing the particle hole symmetry for the rectangular
lattice. Similarly for a triangular lattice of Ns = 3, we
observed similar effect that ΛC for N = 1 and N = 2
matches exactly for strong two-body interaction. Fig.
9(a), 9(b) and 9(c) shows the particle hole symmetry for
square, rectangular and triangular lattice respectively.
B. ATTRACTIVE INTERACTION
Here we consider interacting bosons on rotating opti-
cal lattice with two- and three-body interactions. First
we will discuss the effect of attractive two-body interac-
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FIG. 10: 2 × 2 lattice for different values of N and for
U/ER = −0.5. (a) average angular momentum < Lz >,
(b) sum of boundary current ΛC and (c) phase winding
Θcf/2π.
tion U < 0. We are interested to study effect of attrac-
tive interaction on the quantum vortex states in rotating
square, rectangular and triangular lattices.
At first we focus on the effect of attractive interaction
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FIG. 11: Normalized variance for 2× 2 lattice for differ-
ent values of N and U/ER = −0.5 as function of Ω
between bosons on rotating square L×L lattice. As dis-
cussed above, for a L × L square lattice we get (L − 1)
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FIG. 12: Lowest two energy eigen values of 2× 2 lattice
for N = 5 and U/ER = −0.5 as function of Ω
quantized vortices in the lowest Bloch band. Entry of
each vortex is signaled by a jump in < Lz >, boundary
current ΛC and phase winding similar to that for the non-
interacting cases as discussed in Section IV above. On
the other hand, for the attractive two-body interaction,
we observed additional jumps in average angular momen-
tum < Lz > as well as boundary current ΛC in addition
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FIG. 13: 2 × 2 lattice for N = 2 and with U/ER =
−0.5,−1.0,−3.0 as function of Ω. (a) average angular
momentum < Lz >, (b) phase winding Θcf/2π, and (c)
condensate fraction for N = 2.
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FIG. 14: Triangular lattice with Ns = 36, U/ER =
−0.5, N = 2, (a) average angular momentum < Lz >,
(d) sum of boundary current ΛC .
to the L − 1 jumps associated with the entry of L − 1
vortex. This is shown in Fig. 10(a-b) for a 2 × 2 square
lattice, for N = 2, 3, 4, 5. The same results are also ob-
tained for larger lattice sizes. We have shown the figures
for smaller lattice (2× 2) since the corresponding figures
for larger lattice become very cluttered due to large num-
ber of additional jumps in < Lz > and ΛC . However, the
phase winding do not show any additional jump, thereby
showing that the additional jumps in < Lz > and ΛC
do not correspond to entry of any additional vortices in
the system. This is shown in Fig. 10(c). The number
of jumps increases with number of particles N as shown
in Fig. 10(a-b). Each extra jump do not correspond to
entry of a vortex but the normalized variance ν [Eq.(4)]
for such state is ν > 1 which denote a phase squeezed
state. In contrast, the normalized variance is ν < 1 for
the repulsive two-body interaction [30]. The normalized
variance ν is shown in Fig. 11 for U/ER = −0.5. The
number of extra jumps in < Lz > and ΛC are sensi-
tive to number of particles in system N , in particular
for N particles we get N − 1 extra jumps as shown in
Fig. 10(a-b). For each jump in < Lz > we observe
crossing between ground state E0 and first excited E1
energies of the system as shown in Fig. 12 for a 2 × 2
lattice, N = 5 and U/ER = −0.5. As strength of at-
tractive interactions increases, the difference between the
frequencies at which the extra jumps occur also increases
as shown in Fig. 13(a). However, the required frequency
strength for the entry of each vortex decreases as shown
in Fig. 13(b). The condensate fraction also decreases
with increasing strength of the attractive two-body in-
teraction as shown in Fig. 13(c). Similar behavior is
also observed in presence of only three-body attractive
interaction W < 0, U = 0. However, it require more in-
teraction strength as compared to two-body interaction.
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FIG. 15: U/ER = −0.5, N = 2 for rectangular lattice,
(a) average angular momentum < Lz >, (b) sum of
boundary current ΛC for rectangular lattice and (c)
condensate fraction for N = 2 and 8× 4, 8× 6 lattices.
For example, for 2 × 2 and 4 × 4 square lattices, while
we observed the above behavior for two-body interaction
strength U/ER = −0.5, for three-body interaction we
observed similar behavior for W/ER = −2. Similar be-
havior as that of the square lattice is also observed for the
triangular lattice as shown in Fig. 14(a-b). However, for
rectangular lattice of LX ×LY sites, we observe that the
effect of attractive interactions is sensitive to the value
of parameter ǫ = LY /LX . For ǫ > 0.5 extra jumps are
observed for boundary current ΛC but not for average an-
gular momentum < Lz >. This is shown in Fig. 15(a-b).
Unlike the repulsive two-body interaction case, for the
attractive two-body interaction the average angular mo-
mentum do not show any discontinuity (jump) but shows
continuous behavior with increasing rotational frequency
Ω as shown in Fig. 15(b). Further, we also observe sig-
nificant reduction ( ∼ 50%) of condensate fraction for
LY /LX ≤ 0.6 as strength of rotation (Ω) increases, and
for LY /LX > 0.6 the condensate fraction shows increase
to all most 90%. This is shown in Fig. 15(c). As the
strength of the attractive interaction increases the con-
densate fraction decreases similar to the L × L square
lattice case (Fig. 13(c)).
C. TWO- AND THREE-BODY INTERACTIONS
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FIG. 16: 4 × 4 lattice for N = 3, 4, 5 and for U/ER =
−0.5 as a function of Ω for different values of repulsive
three-body interaction. (a) average angular momentum
< Lz > for W/ER = 1, (b) sum of boundary current
ΛC for W/ER = 1, (c) average angular momentum
< Lz > for W/ER = 10 and (d) sum of boundary
current ΛC for W/ER = 10.
To study the effects of both two- and three-body in-
teractions on the vortex formation, we consider the case
when both two- and three-body interactions are repul-
sive and also the case when the two-body interaction is
attractive but the three-body interaction is repulsive. We
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consider a 4 × 4 square lattice with number of particles
N = 3, 4 and 5. We choose the strength of the two-body
attractive interaction as U/ER = −0.5 and that of the
three-body repulsive interactions as W/ER = 1 and 10.
When both the two- and three-body interactions are re-
pulsive we get results similar to the case when only two-
body repulsive interaction is present, except that the fre-
quency (Ω) at which the vortex enters the systems is
lowered. On the other hand, for the case of attractive
two-body interaction and weaker strength of the three-
body interaction (W/ER = 1) we observe extra discon-
tinuous jumps in average angular momentum < Lz > as
well as boundary current ΛC similar to the case of at-
tractive interactions as mentioned above. Similar to the
attractive interaction case as mentioned above, the phase
winding do not show any additional jump. But when
the strength of the three-body interaction is stronger
(W/ER = 10) the additional jumps in < Lz > and ΛC
disappears (smooth out) and the behavior of < Lz > and
ΛC shows jumps only at the entry of each vortices similar
to the cases of repulsive two and three-body interactions.
This is shown in Fig. 16.
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FIG. 17: 4 × 4 lattice and N = 5 for different values
of two-body interactions for Unn/ER = 0.5. (a) aver-
age angular momentum < Lz >, (b) sum of boundary
current ΛC and (c) phase winding Θcf/2π.
D. NEAREST NEIGHBOR INTERACTIONS
(Unn)
To study the effect of the long-range interaction we
consider the cases of on site (U) two-body and the near-
est neighbor (Unn) two-body interactions. We consider
a 4 × 4 square lattice with number of particles N = 4,
strength of the nearest neighbor interaction as Unn/ER =
0.5 for three different strengths of the two-body interac-
tions U/ER = 0, U/ER = 0.5 and U/ER = 10. We ob-
serve that the results are similar to that of repulsive two-
body interactions, except that the frequencies at which
the three vortices enters the system changes slightly. This
is shown in Fig. 17. Similarly, we have also checked that
results in presence of two- and three-body along with
combination of nearest neighbor interaction, and again
all the results are consistent, i.e. in presence of attrac-
tive two- and three-body interactions and Unn, we ob-
serve extra jump in < Lz > and ΛC if |U | > Unn and the
critical rotational strength require to entry each vortex
is reduced. Similar behavior are also observed for the
triangular and rectangular lattices.
VI. EFFECT OF HARMONIC TRAP
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FIG. 18: density distribution for harmonic trap 4 ×
4, N = 5, λ = 0.02ER, ∆x = ∆y = 0.3 and U/ER = 0.
For (a) Ω = 0.1, (b) Ω = 0.13, (c) Ω = 0.215 and (d)
Ω = 0.58.
We now consider the effects of the external harmonic
trap potential ǫi [Eq.(2)] on the quantum vortex states.
The harmonic trap introduces spatial inhomogeneity
in the lattice and the bosons at different lattice sites
experience different energy offset due to the harmonic
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FIG. 19: 4 × 4 lattice with N = 1 for different values of
λ. (a) average angular momentum < Lz >, (b) sum of
boundary current ΛC and (c) phase winding Θcf/2π.
trap. For ∆ = 0 the minimum of the harmonic trap
potential coincide with the center of the lattice. We
have taken the the axis of rotation perpendicular to the
(x, y) plane and passing through the center of lattice.
We consider the center of the lattice to be off site and
take −0.5 ≤ ∆x,∆y ≤ 0.5, such that the minimum of
the harmonic trap is also not on any lattice site. For
∆ = 0, the harmonic trap potential ǫi have same value
for all sites which are equidistant from the center of the
lattice or the axis of rotation. For ∆ 6= 0, ǫi depend
on the position of the minimum of the harmonic trap
w.r.t. the center of lattice. In this case, some lattice
sites will be favoured more than others for the particle
occupation depending on ǫi and the density distribution
will be asymmetric w.r.t. the center of the lattice.
For the sites for which the harmonic trap potential
ǫi have lower values, the corresponding site number
densities < ni > will be higher [6]. For the choice
of parameters ∆x = ∆y = 0.30, the minimum of the
harmonic potential is on the left side (third quadrant)
close to the center of the lattice and < ni > will be
larger for sites closer to the minimum. This is shown
in Fig. 18(a) where we can see that the lattice site in
the third quadrant nearest to the center of the lattice
have higher site density as compared to the other three
nearby sites. There is no vortex state in Fig. 18(a) as the
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FIG. 20: 4 × 4 lattice with N = 1, λ = 0.02ER for
different values of ∆. (a) average angular momentum
< Lz >, (b) sum of boundary current ΛC and (c) phase
winding Θcf/2π.
rotational frequency Ω is very small. As the frequency
Ω increases, the first vortex enters for Ω = 0.13 and rest
at the center as shown in Fig. 18(b). In contrast to
the homogeneous case (no trap potential) where there
are equal maximum currents and corresponding equal
phase difference of pi2 between the adjacent four sites of
the vortex core, for the inhomogeneous case (with trap)
the current between the adjacent sites are all different
due to site dependent occupation number densities
< ni >. However, the total phase difference between
the central four sites is 2π, showing the presence of a
single vortex state. The total phase difference is also
2π between the adjacent sites at the perimeter of the
lattice. As the rotational frequency increases further,
< ni > changes due to hopping between the neighboring
sites induced by rotation. The site density increases
at sites in the perimeter of the lattice and decreases
in the center of the lattice. Again, the site density is
higher at sites in the third quadrant from the center
of the lattice due to imhomogeneity introduced by the
harmonic trap potential. For Ω = 0.215 a second vortex
enters and sits in the center with density dip in the four
sites at the vortex core as shown in Fig. 18(c). The
total phase difference between the adjacent four sites at
the vortex core and also between adjacent sites at the
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perimeter of the lattice is 4π showing the presence of
the second vortex. Fig. 18(d) shows the third vortex
with similar site density distribution as the second
vortex. The corresponding current distribution shows
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FIG. 21: E0 and E1 for 2
nd vortex in 4 × 4 lattice with
N = 1, λ = 0.02ER and ∆x = ∆y = 0.2.
packing of four vortices with a antivortex at the center
and total phase difference between adjacent sites is 6π.
There is no change in the number of vortices in presence
of the harmonic trap. However, We observe that for
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FIG. 22: 4 × 4 lattice with N = 5, λ = 0.02ER for
different values of ∆ and U/ER. (a) Average angular
momentum < Lz > and (b) sum of boundary current
ΛC .
single particle case (N = 1) and for ∆ = 0, the discrete
rotational frequencies at which the vortices enters the
system increases with increase in λ value as shown in
Fig. 19. The increase in rotational frequency is due to
the fact that the harmonic trap acts as an additional
pinning potential which adds up to the pinning potential
due to the optical lattice. For fixed λ and increasing
value of ∆, the observed sharp discontinuous jumps
in average angular momentum < Lz > and boundary
current ΛC in absence of the harmonic trap, become
smoother as shown in Fig. 20. There is also avoided
crossing between the ground state energy E0 and the
first excited state energy E1 at all rotational frequencies
as shown in Fig. 21.
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FIG. 23: density distribution for harmonic trap 4 ×
4, N = 5, λ = 0.02ER and ∆x = ∆y = 0.3, U/ER =
1000. For (a) Ω = 0.05, (b) Ω = 0.1, (c) Ω = 0.235 and
(d) Ω = 0.625.
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FIG. 24: density distribution for harmonic trap 4 ×
4, N = 5, λ = 0.02ER and ∆x = ∆y = 0.3, U/ER =
−0.5. For (a) Ω = 0.1, (b) Ω = 0.14, (c) Ω = 0.215 and
(d) Ω = 0.585.
For many particles, the effect of two- and three-body
interactions produces vortex states which are similar
to the homogeneous case for ∆ = 0. For ∆ 6= 0 and
repulsive two- and three-body interactions, the avoided
crossings between the energy levels are not observed
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even though the average angular momentum < Lz > and
boundary current ΛC become smoother as shown in Fig.
22. Also, unlike the homogeneous case for attractive
two- and three-body interactions, additional jumps in
the < Lz > and boundary current ΛC are not observed
for the inhomogenous case i.e. in presence of harmonic
trap potential. The normalized invariance is however
greater than one similar to the homogeneous case. The
corresponding site density distribution is shown in Fig.
23 which shows vortex states similar to the homogeneous
case for large two-body interactions. Also, avoided
crossing between E0 and E1 is not observed for U > 0
and W > 0 case. However, for attractive interaction
(U < 0 and W < 0), we observe avoided crossing
but no extra jumps in observable as in homogeneous
case as shown in Fig. 22. Fig. 23 shows the effect of
strong two-body interaction between the particles on
the density and Fig. 24 shows the effect of attractive
interaction between the particles on the density.
VII. CONCLUSIONS
In conclusion, we have studied the quantum vor-
tex states of the strongly interacting bosons on two-
dimensional rotating optical lattice at zero temperature.
In particular we have examined the effects of the lattice
geometry and the spatial inhomogeneity introduced by
the additional harmonic trap potential on the character-
istics of the quantum vortex states. We have shown that
the rotation introduces quantum vortex states of differ-
ent symmetry at discrete rotation frequencies which are
accompanied by jumps of 2π in the phase winding of the
states. The transition between these states are indicated
by the crossing of the energy levels. The maximum num-
ber of quantized vortices depends on the geometry of the
two-dimensional lattice. It is observed that the maximum
phase difference between the neighboring sites depends
on the number of sites and also on the lattice geometry.
However, the maximum phase winding is 2π times the
maximum number of vortices, irrespective of the lattice
geometry, i.e. square , rectangular or triangular. The
variation of the average angular momentum < Lz > with
rotational frequency Ω also depends on the geometry of
the lattice. Unlike the square lattice, the < Lz > do
not show sharp discontinuous jumps for the rectangular
lattice and the triangular lattice. However, for the rect-
angular lattice, the discontinuous jumps become sharper
with increasing value of the asymmetry parameter ǫ and
for ǫ = 1 (square lattice), it approaches the square lattice
behaviour. The effect of the two- and three-body interac-
tions between the bosons also depends on the geometry
of the lattice as the current flow or the lattice current de-
pends on the interactions. Particle-hole symmetry is ob-
served for strong repulsive two-body interaction irrespec-
tive of the lattice geometry. For attractive two- as well as
three-body interactions, the average angular momentum
< Lz > and the total boundary current ΛC shows ad-
ditional jumps in addition to the jumps associated with
the entry of the vortices in the rotating lattice. How-
ever, the corresponding phase winding do not show any
additional jumps showing that these jumps are not asso-
ciated with entry of new vortices in the system. The cor-
responding normalized variance ν > 1 shows that these
are phase squeezed state. The number of extra jumps in
< Lz > and ΛC are sensitive to the number of particles.
Similar behaviour is also observed for the triangular lat-
tice. However, for the rectangular lattice, the effect of
the attractive interactions is sensitive to the parameter
ǫ. For some value of the parameter ǫ, the boundary cur-
rent ΛC displays extra jumps but the average angular
momentum < Lz > shows continuous behaviour with in-
creasing rotational frequency Ω. The condensate fraction
also shows dependence on the parameter ǫ. In presence
of both two- and three-body interactions, the results de-
pends on the the nature of the interactions. When both
the two- and three-body interactions are repulsive, we
get results similar to the two-body repulsive interaction
case, except that the rotational frequencies at which the
vortices enters the system is lowered. However, when the
two-body interaction is attractive and the three-body in-
teraction is repulsive, then for weak three body repulsive
interaction we get results similar to the attractive two-
body interaction case. On the other hand, for stronger
three-body repulsive interaction, the results are similar
to the repulsive two-body interaction case. The presence
of nearest neighbor interaction do not change the results
except that the rotational frequencies at which the vor-
tices enters the system changes slightly. These results
are expected to have important implications for under-
standing the parallels between atoms in a rotating optical
lattice and electrons in the presence of a magnetic field,
in particular interpreting experiments on fractional quan-
tum Hall effect for a 2D condensate in confining rotating
optical lattice and co-rotating harmonic trap potential.
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